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Abstract

A Mathematical model of a system of non-linear differential equation is developed to study the
transmission dynamics of malaria, dengue and typhoid triple infection. In this work, the basic
reproduction number is derived using the Next Generation Matrix, also we computed the disease free
equilibrium point. The disease free equilibrium (DFE) point is analyzed and was found that the DFE is
locally stable but may be globally unstable when R, < 1.

Keywords: Malaria; dengue; typhoid, co-infection; reproduction number; stability analysis; disease-free
equilibrium.

1 Introduction

Malaria is an infectious disease caused by Plasmodium parasite, spread through the bites of an infected
female Anopheles mosquito [1,2]. According to the World Health Organization (WHO), the estimated
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number of death due to malaria is 435,000 with Africa recording 93% of the death cases [3]. The various
species of the parasite causing malaria includes P. falciparum, P. vivax, P. malariae, P. knowlesi, P. ovale
wallikeri, P. ovale curtisi [4].

Dengue (DENV), is a viral disease transmitted by an infected female Aedes aegypti mosquito to human, it is
also known as ‘breakbone fever’, ‘tropical flu’ [5,6]. The disease is caused by any of the four DENV virus
(DENV-1, DENV-2, DENV-3 and DENV-4). The infection ranges from mild illness to more severe forms
such as dengue hemorrhagic fever (DHF) and dengue shock syndrome (DSS) [6]. According to the World
Health Organization (WHO), the incidence of dengue has grown globally, from 505,430 cases in 2000 to
over 4.2 million cases in 2019. In 2019, the highest reported cases of dengue were recorded with
Afghanistan recording her first case [7].

Typhoid, an infectious disease caused by a bacteria Salmonella Typhi is spread through contaminated food
and water [8]. The signs and symptoms includes; sustained fever, poor appetite, severe headache, fatigue and
vomiting. Typhoid Fever has an incubation period of between 7 — 14 days [9]. It is estimated that 11 — 20
million cases of typhoid fever is reported annually with 128000 — 161 000 deaths yearly. The risk of typhoid
is higher in population with inadequate access to safe water and poor sanitation [10].

Ogunmiloro [2] considered a mathematical model of malaria-toxoplasmosis co-infection dynamics. The
analysis shows that the model is locally and globally stable, sensitivity analysis revealed that the spread
malaria-toxoplasmosis can be achieved via the availability of treated bed nets, proper environmental
sanitation, availability of drugs etc. Amoah-Mensah [11] proposed a mathematical model to study stability
analysis of the disease-free and endemic equilibria of zika-malaria co-infection in malaria-endemic
region. Senstivity analysis on the basic reproduction number reveals that recovery from the diseases
simultaneously will eliminate the disease. Aldila [12] developed a model to study Dengue-Chikungunya co-
infection. In the work, the basic reproduction was computed and the local stability of the equilibrium points
were computed. Bonyah [13] proposed a co-infection model of zika and dengue virus. The local stability of
the disease free equilibrium was analyzed and the computation of the basic reproduction number. Bifurcation
analysis proved that the model experiences backward bifurcation. Oluwafemi [14] formulated a co-infection
model of malaria and dengue fever transmission dynamics. In the work, the basic reproduction number
was computed and analysis established the local and global stability of the disease-free equilibrium of the
model.

There are reports of Malaria, Dengue and Typhoid triple infection. Suresh [15] reported the case of a 24 year
man with malaria, dengue fever and typhoid infection, Deshkar [16] reported a 38 year old male with the
triple infection, Basha [17] report the triple infection among children. However no literature to the best of
the author knowledge is available to study mathematically the dynamics of malaria, dengue and
typhoid triple infection. Few mathematical model has been proposed and analyzed to study triple infections
[18,19].

In this paper, we develop a mathematical model to study the transmission dynamics of Malaria, Dengue and
Typhoid triple infection and the stability analysis of the disease free equilibrium were carried out.

2 Model Formulation

The proposed model divides the human population into Susceptible human S;,; Malaria infected human I,,,;
Dengue Infected human I;,4; Typhoid infected human I;; co-infection of Malaria and Dengue I,,,4; Malaria
and Typhoid I,,;;; Dengue and Typhoid I;,; Malaria, Dengue and Typhoid I,,,4;; Recovered class R ; the
vector population is subdivided into; Non-disease carrier vector S,,; Malaria parasite vector carrier I, ;
Dengue virus vector carrier I,,; and the Typhoid carrier Bacteria W.
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The system of equations representing the transmission dynamics of the triple infection is presented as
follows:

ds
d_th =A + 6R - (ahm + 24791 + Ant +ﬂh)Sh
ai
% = ApmSh + Pralma + Pntlme — (@na + Ane + Prm + Mam + W) Inm
i
ﬁ = ApaSn + PrmIma + Pnelar — (@nm + e + Prg + Mna + tn) g
dar
d_,;t = ApeSp + Prmlme + Pralae — (@pm + Apa + Ppe + Mpe + 01 + )l
di
d_";d = apmlna + Analpm + Pnelmae = (@ne + Pra + Prm + Mhm + Nha + Undlma
dl
th = pmlne + Anelpm + Pralmar — (@na + Pre + Prm + Nhm + Mne + 02 + W) le
dr
T:t = apelpg + Analne + Prmlmac — (@nm + Pra + Pre + Mne + Mpa + 03 + wplae (D
ar
Y = Wpelmg + Analme + Ahmlae — Prm + Pra + Pre + Mhm + Mne + Mha + 4 + W) Imar
at
dR
o = Prmlnm + Pralna + Prelne — OR
ds,
d_: =A, - (ﬁl + B, + .uv)Sv
di
;tm = B1Sy — Uplym
dar
dzd = B2Sy — Uplpa
aw
0 = Oudne + 026 + 03lar + Oulae — W
Where
_ bmOmlym i _ bg9qlyg X _ww
Apm = N, Apg = T Ane = o 5
_ bmImUpm+Ima+ime+imde) | _ badaUna+Ima+lat+Imdr) )
b = i By = ma

The Tables below contains the description of the variables and parameters of the model.

Table 1. Model variables

Variables Description

Sh Susceptible human

Inm Malaria infected human

Iha Dengue Infected human

I Typhoid infected human

Lna Malaria and Dengue Co-infection
Lt Malaria and Typhoid Co-infection
I Dengue and Typhoid Co-infection
Lnae Malaria, Dengue and Typhoid co-infection
R Recovered human

Sy Non-disease carrier vector

Lym Malaria parasite vector carrier

Lq Dengue virus vector carrier

w Typhoid carrier Bacteria
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Table 2. Model parameters

Parameter Description

A Recruitment rate

) Rate at which recovered become susceptible

Phm Recovery rate for malaria only

Phd Recovery rate for dengue fever only

Phe Recovery rate for typhoid only

Apm Rate at which one acquires malaria

Ana Rate at which one acquires dengue

e Rate at which one acquires typhoid

Nhm Malaria induced death

Nha Dengue induced death

Nhe Typhoid induced death

Un Human Natural death rate

A, Vector recruitment rate

Uy Vector natural death

g Typhoid Bacteria discharge rate

Ay Bacteria growth rate

Up Bacteria death rate

by, Probability of transmission of malaria

by Probability of transmission of dengue

I Number of bites of malaria carrier vector per time

Yy Number of bites of dengue carrier vector per time
3 Methodology

3.1 Positivity of solution

Theorem 3.1:

Let the initial state variable be non-negative ie.
{(S1(0), 1 (0), 154 (0), 11 (0), I;pa(0), Iyt (0), 14 (0), It (0), R(0), S, (0), Im (0, 1,4 (0), W (0)) = 0}

Then the solution set {( Sy, Inm Inas Tnes Imar Imes Laer Imaes R » Sv» Toms Ia, W) 3(E) is positive for all t > 0.
lim supN,(t) < uAand lim sup N, (t) < 2—"‘
h m

If N, (0) < 2 and N, (0) < Am then Ny(t) < 2 and N, () < Am,
Uh Hm Hh Hm
The region,

A
O = {(Si T s s T e s I R DERZ: N () < ”—}
h

A
Q= {( Sus lymy Ina)€RZ: Nip (£) < M_m}

m

Is positively invariant. The theorem indicates that the model is biologically and epidemiologically well
posed in the region and thus, the dynamics of the model can be sufficiently studied in Q.
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3.2 Disease Free Equilibrium (DFE)

The DFE point is the state where there are no infections. To compute the DFE, the right hand side of the
model is set at zero. We solve for the non-infected and non-carrier state and variables at Iy, = I = Ips =
Ima = It = lar = nat = Iym = La = 0.

Hence the DFE is given as
EO = (Shrlhmr Ihdr Iht' Imdr Imt: Idtr Imdt'R rSv:Ivm: Iver)

= (+,0,0000000,5%,000) 3)
Uh Ky

3.3 Basic reproduction number and local stability of Disease Free Equilibrium (DFE)

The basic reproduction number is defined as the average number of secondary infections that a single
infected individual will produce in a susceptible population. To compute the Basic Reproduction Number,
the next generation method will be applied. By the method, the Basic reproduction number is the maximum
value of the spectral radius of matrix FV~1. Where F and V are the rate of appearance of new infections and
rate of in or out of a compartment respectively. The matrices at DFE are given by

0O 0 0 0 0 0 0 a 0 O
o 0 0 0 0 0 0 0 a O
0 0 0 0 0 0 O 0 0 ay
o 0 0 0 O O O o0 o0 O
{0 0 o 0 O O O 0O o0 O
F=1o 0 00 0 0 0 0 0 o @)
o 0 0 0 O O O o0 o0 o
aga 0 0 a a 0 a 0 0 O
0 az 0 az 0 as as 0 O O
o 0 0 0 0 O O o0 o0 O
Uq 0 0 —Phd —Pht 0 0 0 0 0
0 u, 0 —pwm 0 —Pht 0 0O 0 O
0 O u3 O _phm _phd O 0 O O
0 0 0 Uy 0 0 —pp: 0 0 O
[0 o0 0 0 Ug 0 —Pra 0 0 O
V= 0 0 0 0 0 Ug —omm 0 0 O ®)
0 0 0 0 0 0 U, 0 0 O
0 0 0 0 0 0 0 uw, 0 0
0 0 0 0 0 0 0 0 u, O
0 0 -0y 0 -0, —03 =0, 0 0 u
Where
DmOmS. bg94S S DmOmS: bg94S,
a == a, = dNZh:a3=v7h: a, = I ag = 0 (6)
U = (Prm + Mm + 15 Uz = (Opa + Mg + )i Us = (Ope + Mne + 01 + pip);
Uy = (Ppa + Prm + Mm + Mna + 1r); s = Ope + Prm + Mpm + e + 02 + p1); 7)

Ug = (Ong + Pre + Mt + Mpa + 03 + Up);
U7 = (Prm + Pra + Pre + Nhm + e + Mg + 04 + piy)
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The basic reproduction number is given as

R. = max ApinbZ 0% J Av#hbzziﬁé VAT, (8)
0 (Orm+am+u) A’ \ (Pra+Mra+un) A’ | (Pne+Nne+o1+uR)Kupin

Theorem 3.2: The DFE is locally asymptotically stable if Ry < 1 and unstable when otherwise.

3.4 Global stability of the Disease-Free Equilibrium (DFE)

The theorem [20] is used to study the global asymptotic stability of the disease-free equilibrium of the
model. The model is re-written as

ax

S =HEX,2), )
2 = 6(X,2),6(X.0)=0 (10)

Where X = (Sp, R, S,,) and Z = (I, Inas Ine Imas Imes Latr Imats Lomo Ivar ), With X € R denoting non-
infected class and the components Z € R? denoting infected class.

The disease-free equilibrium is denoted as

EO = (X°,0), X0 = (=,22), (11)

T
The conditions (H;) and (H,) must be satisfied to guarantee global asymptotic stability:

H,: Z—f = H(X,0), X° is globally asymptotically stable (GAS) (12)

H,:G(X,Z2) =PZ—-G(X,2),G(X,Z) = 0 for (X,Z) € Q (13)

Where P = D,G(X°,0)is an M-matrix (the off-diagonal elements of P are non-negative) and Q is the region
where the model makes biological sense.

Theorem 3.3: The DFE (E°) of the model equation is globally asymptotically stable if R, < 1 and the
conditions (H;) and (H,) are satisfied.

Proof: We have H(X,Z) and G(X, Z) given as

A + 5R - (ahm + ahd + aht + Hh)Sh
HX,Z) = PrmInm + Pralna + Prelne — OR (14)
Av - (,81 + ,BZ + .uv)Sv

pmSh + Pralma + Prelme = (@na + At + Prm + Nam + 1) I
araSh + PrmlIma + Prelac — (@pm + Qne + Pra + NMha + 1) lha
AneSn + PrmIme + Pralar — (@rm + @na + Pre + Mne + 01 + ) lne
Anmlna + Analpm + Prelmas — (@ne + Pra + Prm + Mam + Nha + Urdlma
G(X,2) = Apmlne + Anelam + Pralmar — (@na + Pre + Prm + Mim + e + 02 + ) line (15)
nelna + Analne + Prmlmac = (@rm + Pra + Pre + Mne + Nna + 03 + 1p)lae
nelma + Analme + Cmlar = (Prm + Pra + Pre + Mhm + Mhe + Mna + 04 + Upd lnae
ﬁlSv - .uvlvm
ﬁsz - /"vlvd
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The reduced system

A — ppSp
H(X,0) = 0 (16)
Av - ﬂvSv
Let
-u; 0 0 pra Pre O 0 bypdn 0
0 —u, 0 ppyw O ppe O 0 bada
0 0 —Uj 0 Phm  Pha 0 0 0
0 0 0 =-u 0 0 pu O 0
P=| 0 0 0 0 —us 0 ppg 0 0 a7)
0 0 0 0 0 —us pum O 0
o o 0 0 0 0 -u O 0
aa 0 0 a a 0 a —p, O
0 as 0 as 0 aS a5 0 _M‘U
Then
s
by O (1 - N—h) + (@na + an)lnm
~ h
G,(X,2) Sh
G, (X, 7 b9, (1 - N_h) + (@pm + At ) lna
€3(X;Z) — (%) Sn + (@pm + apa)lne
R €4(X' Z) —(ahmlhd + ahdlhm) + ahtlmd
G(X; Z) = GAS(X'Z) = _(a’hmlht + ahtlhm) + analme (1)
66(X,Z) —(ahtlhd + ahdlht) + ahmldt
G,(X,2) —(@nelma + analme + apmlar)
. s
Go(X,2) || byl + o + e + Imae) (1= 32)
Go(X, 7)

Sy
bg0q(nq + Ima + lae + Imae) ( - N_h)

It is observed that G,(X,Z) < 0 so the conditions (H,) and (H,) are not satisfied, hence (E°) may not be
globally asymptotically stable when R, < 1.

4 Conclusion

In this paper, we developed and carried out the stability analysis of the disease free equilibrium model of the
transmission dynamics of malaria, dengue and typhoid triple infection.

We compute the disease free equilibrium (DFE) point, after which the basic reproduction number (R)) of the
model is derived which also shows that the system is locally stable. The global stability of the model was
also carried out and it was observed that the disease free equilibrium point may not be globally stable given

that R, < 1. However, if maximum protection is provided again the triple infection, global stability of the
disease free can be achieved.
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